In this article we describe our studies of the sigma meson, f 0 (500), using two-pion correlation functions. We use lattice quantum chromodynamics in the quenched approximation with so-called clover fermions. By working at unphysical pion masses we are able to identify a resonance with mass less than 2m π , and then extrapolate to the physical point. We include the most important annihilation diagram, which is "partially disconnnected" or "single annihilation." Because this diagram is quite expensive to compute, we introduce a somewhat novel technique for the computation of all-to-all diagrams, based on momentum sources and a truncation in momentum space. In practice, we use only p = 0 modes, so the method reduces to wall sources. At the point where the mass of the pion takes its physical value, we find a resonance in the 0 ++ two-pion channel with a mass of approximately 609 ± 80 MeV, consistent with the expected properties of the sigma meson, given the approximations we are making.
Motivation
Scalar resonances in quantum chromodynamics (QCD) have proven to be challenging objects to study in terms of experimental observation, computational studies, and theoretical explanation. The most elusive of these scalar states are arguably the f 0 (500) or σ resonance, and the lightest scalar meson with nonzero strangeness, the κ(900). As far as the I = 0 state is concerned, many experiments over the years have found a broad enhancement in the two-pion spectrum, beginning at threshold and continuing to around 900 MeV: for instance a π − p → π − π + n experiment at 17 GeV that ran at CERN 1970-1971 [1] , pp → p f π 0 π 0 p s at 450 GeV by the GAMS NA12/2 collaboration also at CERN [2] , π − p → π 0 π 0 n at 18.3 GeV by the Brookhaven E852 experiment [3] , and J/ψ → ωπ + π − by BES II [4] . If anything, the quality of the data has improved over time revealing that the enhancement takes on the shape of a very broad peak centered at around 500 MeV with a comparable width-though the shape may also have something to do with the channel in which the two-pion invariant mass was explored. Also over the years, there have been several lattice calculations of scalar correlation functions in the I = 0 J P C = 0 ++ channel, but many of them do not include annihilation diagrams that couple to the vacuum (see for instance Figs. 1(b) and 1(c) below) [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . Analysis of 0 ++ glueballs in full QCD [16] should also shed light on these states, due to mixing. The LHCb collaboration [17] report that the f 0 (500) is not a mesonic bound state according to their models, and present (model dependent) upper limits of the mixing of the f 0 (500) betweenūu +dd andss constituent quark states. There are several questions that remain open, e.g.,
• The width and mass of the resonance are comparable. While the shape does not agree with the two-pion continuum spectrum, it is possible that strong interaction effects between the two pions could produce such a spectrum, calling into question its identification as a true resonance in the classic sense of the word.
• Though the quantum numbers of the f 0 (500) are easy to discern, its partonic content is not known with any degree of confidence. One would certainly expect a large contribution from first generation quarks, and the possibility of contributions from the strange quark are certainly feasible. There is also the question of contributions from purely gluonic states, as yet seen only on the lattice. However, it is usually assumed that this contribution is small since the glueball in quenched lattice QCD has a mass around 1.6 GeV.
• The scattering phase of the two pseudoscalars in this channel ought to shift by π radians if the intermediate state were a coherent and distinct quantum state that behaved like a Breit-Wigner resonance; it is possible that a more general two-meson bound state would give a smaller shift. Confusingly, the 1974 CERN-Munich measurements [18] of this phase shift give an intermediate value of only π/2 radians. A possible explanation was offered by Ishida et al. [19] whereby a "repulsive core" in the f 0 (500) induces a negative background phase to account for the "missing" phase shift of the channel. However, for a long time this lack of an adequate phase shift has cast doubt on the existence of the f 0 (500). Subsequent fits such as [20, 21] have seemingly alleviated this problem, apparently by avoiding the assumption of a Breit-Wigner type phase shift.
• There are also indirect uncertainties about the f 0 (500) in the context of its role in a scalar nonet [22, 23] and also a chiral scalar nonet [24] . The f 0 (500) can also play the role of a 'Higgs boson' in the context of lightest pseudoscalar mesons being the Nambu-Goldstone bosons of a (broken) chiral symmetry. This idea can be extended to "walking technicolor" models whereby the longitudinal components of the electroweak gauge bosons (W ± , Z 0 ) are described as composite particles known as techni-pions composed of techni-quarks. In fact, the Higgs boson has even been proposed as the pseudo-Nambu-Goldstone boson of scale invariance (see [25] for a review). So one wonders whether there is any connection between f 0 (500) and scale invariance in QCD.
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Lattice QCD can shed light on some of these matters from a model independent, ab initio perspective. By identifying the f 0 (500) state on the lattice, we can measure its mass and other properties using well established techniques. Once this is done, we can use Lüscher's method to measure the I = 0, L = 0 scattering phase shift δ 0 0 of the
This measurement has the benefit of not requiring a partial wave analysis with several intermediate states fit simultaneously, as is necessary in the experimental approach. In the calculation presented here, we show how the ground state energy of the π + π − → π + π − system at six different pion masses evolves with bare quark mass m 0 and that a linear extrapolation of these masses to physical scales indicates that the observed ground state is that of the f 0 (500). Given that the principal decay of the σ is probably to ππ states, it seems that there should be a strong coupling to the interpolating operators that we use. It is also suggested by the tetraquark proposal for this state [26, 27] . Our work is quite similar to [8] , including working at heavy pion masses where the resonance lies below 2m π . Here, however we include the partially disconnected (single annihilation) diagrams, Figs. 1(c) and 1(d).
The four-point pseudoscalar correlation function
In order to study a 0 ++ scalar state such as the f 0 (500) we must create a state on the lattice with the same quantum numbers. One such state is π + π − which we can create by inserting pseudoscalar creation operators P + † and P − † at at (0, 0) and (x,0) respectively. We then destroy the pseudoscalars at (y,t) and (z,t), leading to the correlation function
where in terms of the quark fields
For notational convenience we work with the understanding that the points y and z are located at timeslice t ≥ 0, and x and 0 are located at t 0 = 0. After performing the relevant Wick contractions there are four distinct propagator diagrams, illustrated in Fig. 1 . We subtract from each relevant correlation function the (truly) disconnected pieces to leave only the truly connected part and average over gauge field configurations.
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Since we are calculating π + π − → π + π − with zero momentum pions, both I = 0 and I = 2 channels with I 3 = 0 contribute. However, based on the result of [8] , as well as what is known experimentally, we do not expect a resonance in the I = 2 channel for the 0 ++ states. Thus the resonant feature that we are able to observe in our simulations is to be identified with an I = 0 hadron, such as f 0 (500), f 0 (980) or f 0 (1370). We also avoid the "crossed" or "quark exchange" diagrams that occur in π 0 π 0 → π 0 π 0 , which is necessary to include if an I = 0 projection is performed (see for instance Fig. 1 (b) of [28] where such diagrams were included).
We wish to measure the ground state energy of the system, so we at this point project the pseudoscalar operators onto zero momentum. 3 The momentum of the pions p at each respective lattice point obeys p 0 + p x = P = p y + p z , hence there are many combinatorial choices of pion momenta that satisfy P = 0. We expect, however, that the choice p x = p y = p z = 0 will have a significant overlap with P = 0, especially in the heavy quark limit where one can expect 2m π > 500 MeV. For lower quark masses, this assumption will be less true. The Fourier transformed correlation
The four types of contractions of the quark fields that we can have. These propagators are then averaged over the gauge field configurations to get the correlation function. Diagrams (a), (b), (c) and (d) correspond to correlation functions C 0 , C 1 , C 2 and C 3 respectively.
functions C n (P = 0, t) are,
where S(x, z) is the Euclidean quark propagator from z to x and the trace is over spin and colour indices, which have been suppressed. The notation · · · U indicates an average over gauge fields. We have imposed u, d quark mass degeneracy and employed γ 5 -hermiticy,
which eliminates the γ 5 matrices in the pseudoscalar operators. The full correlation function C sum (P = 0, t) is given by,
as C 3 (0, t) is the complex conjugate of C 2 (0, t).
The correlation function can also be represented as the sum of exponentials of energy E n ,
In the limit of t → ∞, the correlation function will be dominated by the lowest energy level. By defining an effective mass,
we can extract the ground state of any resonance that lies below 2m π .
3 Quark propagator approximation with smeared wall sources
As can be seen from Eqs. (3), one needs to place quark sources at 0 and z, and sink the quark propagators at x and y. The propagators sourced at 0 are very cheap as we can use a point source and need only calculate them once per gauge field configuration.
The propagators sourced at z require considerable computational effort to calculate if one is to project the pseudoscalar at z to zero momentum. If one were to employ point sources, one would have to invert the associated fermion matrix M an entire Euclidian spacetime volume's worth of times (or some significant fraction thereof) which is prohibitive on larger lattices. One solution is to estimate the propagators using stochastic sources, as is done elegantly in [29] , or a more sophisticated technique such as the Laplace-Heaviside method [30] or even an amalgam of both [31] . Each of these techniques offer a substantial reduction in the number of inversions required to calculate sufficiently accurate propagators.
Momentum sources
Another method is to use momentum sources, such as used by Gockeler et al. in [32, 33] , which are unit wall sources (defined only on one time slice) and modulated by a momentum phase,
where ρ(x, t) is unit valued at all x for a given t. The sources form a complete set when summed over all p and one can form the component of the full all-to-all propagator which is sourced at t. This is in complete analogy with stochastic sources expressed as column vectors η i (x), where one exploits the conditions,
to solve a simple, linear matrix-vector system for φ i (x) and build the approximate propagator after summing over many distinct η i (x),
In the case of momentum sources, one need only sum over the finite range of distinct momentum modes p per timeslice to acquire an approximation to the full propagator. The procedure is strikingly similar,
where P is all allowed momenta and V P a Fourier normalisation factor. Then, for some χ p (x),
Of course, summing over all possible momentum modes would be just as computationally expensive as summing over all point sources. However, we might reasonably expect that some subset of the low momenta have good overlap with the low energy component of the full propagator. If we restrict that subset to momenta that satisfy,
for some lattice spacing a, and denote that subset as Q, the we can 'project' the propagator onto those low modes,
Furthermore, the contribution to the correlation function coming from high momentum modes is suppressed for the ground states that we explore so it is a reasonable approximation to cut off the propagator in this way. However, this truncation is not a gauge covariant procedure; for this reason we have averaged over typically 4,000 gauge field configurations so that the gauge variant part will cancel to a good approximation. Performing gauge fixing may have improved the signal-to-noise ratio, but would not change the central value, which is the gauge invariant part. We found that such gauge fixing was not necessary. For our current investigation, the least expensive subset Q is of course the one that only contains the zero momentum mode. This is nothing other that the method of wall sources. In this respect, using the p = 0 momentum mode at z and 0 in our calculation is the momentum space analogue of a point-to-all propagator. The advantage with the wall source is that it automatically projects onto total momentum P = 0 for the two-pion operators, once the appropriate Fourier transform at the sink is performed.
With this in mind, we may re-express the correlation functions defined in equations (3) in terms of propagators with mixed position-and momentum-space structure, S(x, 0) to reflect the projection of the pseudoscalars sourced at z and 0 to zero momentum,
The summation is now over x and y only which saves an order of L 3 in both propagator storage space, and spin-color trace calculation. When employing spin-color-time dilution, this technique requires only T × N spin × N colour inversions to approximate the low mode propagator, which is a particularly attractive feature.
Smearing
In order to suppress the effects of excited states, one usually applies a gauge covariant differential function to the quark source to suppress such contributions. For a point source in position space, this has the effect of making the Kronecker-delta distribution representing the point source (the discrete version of the continuum Dirac-delta distribution) and forming a gaussian peak with its mean at the original position of the point source. The effect of this smearing in momentum space can be seen intuitively; the flatter the the gaussian in position space, the sharper the gaussian in momentum space, which means fewer exited modes are populated. A perfectly flat source in position-space corresponds to an ideal "point" source in momentum space, but this will not generate the ground state exactly, but will have overlap with excited states. We applied the Jacobi smearing operator,
where the gauge covariant second derivative ∆ is defined as,
to the unit wall source with N = 32, ω = 4 to form a smeared momentum source ρ a p (x),
For the unit wall source at zero momentum, the momentum phase is everywhere unity. This smeared source now has a colour dependency wherein each spatial site inherits information from the surrounding gauge links. The gauge links in the smeared operator were replaced by stout smeared links, with n = 3 smearing hits, weighted by the coefficient ξ µν = 0.1 for µ = ν = 1, 2, 3, and zero elsewhere. The hopping parameter κ ≡ ω 2 /4N = 0.125 is a reasonable value when generating gaussian sources from point sources, and for momentum sources we found excellent suppression of excited states in early time slices, for both the C 0 and C 2 diagrams. The C 1 diagram remained very noisy at all but the earliest of time slices. Previous lattice studies on this system opted to omit the contributions from this particular contraction of the quarks in (3) which we were also forced to do as the level of noise from this diagram drowned out all signal. High statistics study show that the C 1 diagram contribution is very small, once the disconnected part is subtracted off. This is because the unsubtracted correlation function is to a very good approximation flat, a result of the operators at the sink and source "disappearing" into the vacuum.
The excited state suppression can be understood in light of v. Hippel et al. [34] . They show that instances of highly localised chromomagnetic flux in the gauge field can distort the shape of a covariantly smeared quark source away from the expected profile. In the present case, the colour diluted, unsmeared momentum sources are themselves a global source of chromomagnetic flux, having a rather unnatural real, unit value in one color vector component and zero elsewhere. This chromomagnetic flux manifests as excited quark modes in the effective mass plot, which then dissipate with t. Application of the smearing operator to the momentum source dampens this effect by sampling the gauge field local to the lattice point and "smoothing" the local chromomagnetic flux with respect to the gauge background.
Results
All of the results presented in this section are obtained with gauge coupling of β = 6/g 2 = 5.45 and clover fermions with the tree-level improvement coefficient of c SW = 1.0. This is a quenched calculation, so the fermion determinant is set to unity in the simulation, which is performed with the standard SU (3) heatbath [35] . 5000 thermalization sweeps were performed prior to sampling, and samples were separated by 200 sweeps. For all but the lightest pion mass, 4000-4500 samples were used in our expectation values. For the lightest mass, only 2000 samples were used. In order to address autocorrelations, the error estimates were based on a jackknife analysis with jackknife blocks of 400 samples. All data was obtained from 10 3 × 20 lattices, which is why the coarse lattice spacing corresponding to β = 5.45 was used (a ∼ 0.4 fm). For the relatively large pion masses that we simulated, the finite volume effects are under control, with m π L ≥ 4.
As stated in the previous section, we were forced to omit the C 1 (t) contribution from our calculation due to the large amount of noise it introduces. We can expect reasonable results even with this omission as the numerical values of C 1 (t) are much larger than the other contributions, but exhibit little to no sign of exponential decay. On the other hand, we do include the partially disconnected diagram C 2 (t), which it has been argued in [36] is the most important one to include and should never be neglected. Figure 2 shows the effective masses derived from the correlation function,
for a range of bare quark masses (the prime indicates that the doubly disconnected diagram is omitted). It is straightforward to convert these bare quark masses into pion masses using the single pion correlation function effective mass, which allows us to identify the physical point once the lattice scale a has been set. Three traits can be observed for the effect masses that we see from (18) .
1237 ± 80 MeV. This is not so far from the f 0 (1370), and in fact given the unknown quenching uncertainty and extent of the extrapolation, could even correspond to this state. The physical scale a was deduced by determining the Sommer parameter r 0 /a for our value of β = 5.45 [38] . The exponential decay in Wilson loops with respect to the temporal extent was used to identify the values of the static quark potential V (R). As usual, the Sommer parameter in lattice units was identified from setting R 2 dV (R)/dR| R=r 0 /a = 1.65 and taking r 0 = 0.5 fm to convert to physical units. We use two different prescriptions to identify the plateau, giving two estimates for the lattice spacing. In figure 2 we show these two estimates (0.414 fm and 0.363 fm) but we chose to use their mean to estimate physical mass. A judicious, though ad hoc choice of error on this estimate would be to use the separation of the two lattice spacing estimates, giving m σ = 609 ± 80 MeV.
This is consistent with a σ to within errors and is not consistent with the other available state in this symmetry channel, the f 0 (980). We take encouragement from this exploratory result that the σ can be identified on the lattice.
Conclusions and further work
In this work we have shown that with a modest sized, quenched lattice, and a minimum of inversion overhead, one can identify a 0 ++ state that is signficantly lighter than the f 0 (980) at physical scales, which one would then naturally identify with the sigma meson. Though we omitted the doubly disconnected diagram contribution C 1 (t) we included the singly connected contribution.
We collected this data using a smeared wall source which we identify as an approximation to the gauge-connected zero momentum mode of the source pion. This association allowed us to approximate the zero-mode the all-to-all propagator necessary for this calculation in a very compact fashion, allowing us to calculate the effective mass of several different systems in a reasonable amount of time.
Future studies will repeat the study on larger lattice with a finer lattice spacing, and will also explore the region where the resonance is heavier than 2m π by subtracting the two pion scattering state in a sequential Bayesian analysis [39] . We will also explore using the approximation (14) with a subset Q that includes more momentum modes than p = 0.
